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Abstract
Two different topics relevant for DAΦNE and CEBAF, respectively, are
covered. First we analyze the rare radiative eta decay mode η → pipiγγ
within the framework of chiral perturbation theory at O(p4). We then dis-
cuss virtual Compton scattering off the nucleon at low energies. Predictions
for the two spin-independent generalized polarizabilities are shown.
I. INTRODUCTION
In the limit of massless u, d, and s quarks, the QCD Lagrangian exhibits a global
SU(3)L × SU(3)R symmetry which is assumed to be spontaneously broken to SU(3)V ,
thus giving rise to eight pseudoscalar Goldstone bosons which transform under SU(3)V as
an octet. The lightest pseudoscalar mesons (π,K, η) are commonly identified with these
Goldstone bosons; their finite masses result from an explicit chiral symmetry breaking in
the QCD Lagrangian due to the finite masses of the light quarks. Chiral perturbation
theory (ChPT) [1,2] provides a systematic framework for describing the interactions of
these effective degrees of freedom at low energies. It is based on a description in terms of
the most general, effective Lagrangian consistent with the symmetries of the underlying
theory, namely, QCD. In the meson sector, the effective Lagrangian of ChPT is organized
as a sum of terms with an increasing number of covariant derivatives and quark mass
terms,
Leff = L2 + L4 + L6 + · · · , (1)
where the subscripts refer to the order in the momentum expansion. A systematic anal-
ysis of Feynman diagrams evaluated with the Lagrangian of Eq. (1) is made possible by
Weinberg’s power counting scheme [1]. The lowest-order Lagrangian L2 corresponds to a
nonlinear σ model with a coupling to external sources. Besides the quark masses, it con-
tains two parameters, namely, the pion decay constant in the chiral limit, F0 ≈ 93MeV,
and a constant B0 related to the quark condensate <q¯q>. The Lagrangian L4 was de-
termined and studied by Gasser and Leutwyler [2]. In the SU(3) sector it involves 10
low-energy constants, some of which have infinite pieces required to compensate infinities
resulting from one-loop diagrams with vertices of L2. In addition, at O(p
4) one has the
Wess-Zumino-Witten action [3] which accounts for the chiral anomaly of QCD but does
not introduce a new parameter. For strong and electromagnetic processes involving an
odd number of Goldstone bosons, the Wess-Zumino-Witten term provides the leading-
order contribution. At O(p6) the effective Lagrangian involves 111 terms of even and 32
terms of odd intrinsic parity [4].
Ever since the sixties the interactions of Goldstone bosons with baryons have been
described in terms of tree-level diagrams derived from effective chiral Lagrangians. A
consistent power counting, and thus a systematic treatment of higher-order corrections
has become possible within the framework of the heavy-baryon formulation of chiral per-
turbation theory. For example, the pion-nucleon interaction in the one-nucleon sector can
be described in terms of the most general effective Lagrangian [5]
Leff = L̂
(1)
piN + L̂
(2)
piN + L̂
(3)
piN + · · · , (2)
where the individual pieces contain 1, 7, and 24 low-energy constants, respectively. In
particular, the constants of the O(p) and O(p2) Lagrangians are scale-independent, i.e.,
they are not needed to absorb infinities of loop diagrams. For a review concerning the
status of ChPT in the one-nucleon sector the reader is referred to [6].
II. THE RARE DECAY η → pipiγγ IN CHIRAL PERTURBATION THEORY
According to [7], the η width is Γ = (1.18 ± 0.11) keV, and the main decay modes
are given by 2γ ((39.25 ± 0.31)%), 3π0 ((32.1 ± 0.4)%), π+π−π0 ((23.2 ± 0.5)%), and
π+π−γ ((4.78 ± 0.12)%), where the branching fractions Γi/Γ are given in parentheses.
In particular, all other decays appear with a fraction of less than a percent. With an
anticipated number of∼ 3.2×108 etas per year at DAΦNE, it will be possible to investigate
some of the rare decays. For example, for the mode η → π+π−γγ, so far there exists only
an upper limit Γ(η → π+π−γγ)/Γ < 2.1×10−3 [7], whereas for the corresponding neutral
mode no information is available.
We have performed an exploratory investigation of the rare decay modes η → ππγγ
within the framework of chiral perturbation theory [8]. At lowest order in the momentum
expansion, the invariant amplitude has been calculated using the Lagrangian
Leff = L2 + LWZW
=
F 20
4
Tr(DµU(D
µU)†) +
F 20
4
Tr(χU † + Uχ†)
+
e
16π2
ǫµναβAµTr(Q∂νU∂αU
†∂βUU
† −Q∂νU
†∂αU∂βU
†U)
−
ie2
8π2
ǫµναβ∂µAνAαTr[Q
2(U∂βU
† + ∂βU
†U)−
1
2
QU †Q∂βU +
1
2
QUQ∂βU
†], (3)
where U(x) = exp (iφ(x)/F0) contains the relevant Goldstone bosons as well as the singlet
eta. In Eq. (3) we have included only those terms which actually contribute at O(p4). In
particular, we have not included L4 of Gasser and Leutwyler, since in an electromagnetic
process involving an odd number of Goldstone bosons it will only contribute at O(p6).
FIGURES
FIG. 1. Left figure: Partial decay rate Γ(η → pi0pi0γγ) as a function of an energy cut δm in
s
1/2
γ around mpi. The solid line corresponds to the lowest-order prediction of chiral perturbation
theory withmu = 5 MeV andmd = 9 MeV. In particular, the decay rate is completely dominated
by the pi0-pole contribution. The dot corresponds to the isospin-symmetric case mu = md = 7
MeV, i.e., without pi0 pole. Right figure: Partial decay rate Γ(η → pi+pi−γγ) as a function
of an energy cut δmbrems around the bremsstrahlung singularity at sγ = 0. The long-dashed
line corresponds to the lowest-order calculation. The dashed line includes vector mesons as
dynamical gauge boson fields of a hidden local symmetry [10].
Furthermore, terms of the WZW action which are irrelevant for our purposes have been
omitted. For the decay constants we use Fpi = 93MeV, F8 = 1.25Fpi, and F1 = 1.06Fpi.
The covariant derivative DµU = ∂µU + ieAµ[Q,U ] in L2 contains a coupling to the
electromagnetic field, where Q = diag(2
3
,−1
3
,−1
3
) is the quark-charge matrix. The quark
masses are contained in χ = 2B0M with M = diag(mu, md, ms). Finally, η− η
′ mixing is
taken into account by using a phenomenological mixing angle θ = −20◦:
|η >= cos(θ)|η8 > − sin(θ)|η1 >, |η
′ >= sin(θ)|η8 > +cos(θ)|η1 > . (4)
In Fig. 1 (left) the partial decay rate Γ(η → π0π0γγ) is shown as a function of an
energy cut δm in s1/2γ around s
1/2
γ = mpi0 , where sγ is the invariant energy squared of the
di-photon system. At lowest order, the decay rate is completely dominated by the π0 pole
contribution. Using a more realistic strength for the ηπ0π0π0 vertex than predicted by L2
leads to an enhancement of the decay rate Γ(η → π0π0γγ) of about a factor four. Further-
more, as was shown in [9], the inclusion of chiral pion loops at O(p6) leads to a notable
enhancement of the decay rate. In particular, in the di-photon spectrum for large values of
sγ, these contributions even dominate the π
0-pole contribution. The η-pole contribution
on the other hand is negligible. In Fig. 1 (right) the partial decay rate Γ(η → π+π+γγ) is
shown as a function of an energy cut δmbrems around the bremsstrahlung singularity at
sγ = 0. The long-dashed line represents the O(p
4) calculation, whereas the dashed line
results from a calculation including vector mesons [10]. The strong enhancement indicates
that O(p6) counter terms may be important. The role of loops still has to be investigated.
III. VIRTUAL COMPTON SCATTERING OFF THE NUCLEON AT LOW
ENERGIES
An investigation of the virtual Compton scattering amplitude which, e.g, enters the
physical process e−p → e−pγ, has recently attracted a lot of interest. Even though the
experiments will be considerably more complicated than for real Compton scattering,
there is the prospect of obtaining completely new information about the structure of
the nucleon which cannot be obtained from any other experiment. In particular, as a
prerequisite for studying this new structure information it is important to identify the
model-independent properties of the VCS amplitude.
Omitting the Bethe-Heitler contribution, the invariant amplitude for VCS reads
MV CS = −ie
2ǫµǫ
′∗
νM
µν = −ie2ǫµM
µ = ie2
(
~ǫT · ~MT +
q2
ω2
ǫzMz
)
, (5)
where ǫµ = eu¯γµu/q
2 is the polarization vector of the virtual photon, and where we made
use of current conservation. In the center-of-mass system, using the Coulomb gauge for
the final real photon, the transverse and longitudinal parts ofMV CS can be expressed in
terms of eight and four independent structures, respectively,
~ǫT · ~MT = ~ǫ
′∗ · ~ǫTA1 + · · · , Mz = ~ǫ
′∗ · qˆA9 + · · · , (6)
where the functions Ai depend on the three kinematical variables |~q|, |~q
′|, and z = qˆ · qˆ ′.
Model-independent predictions for the functions Ai, based on Lorentz invariance,
gauge invariance, crossing symmetry, and the discrete symmetries were obtained in [11].
For example, the result for A1 up to second order in the momenta |~q| and |~q
′| reads
A1 = −
1
M
+
z
M2
|~q| −
(
1
8M3
+
r2E
6M
−
κ
4M3
−
4πα0
e2
)
|~q ′|2
+
(
1
8M3
+
r2E
6M
−
z2
M3
+
(1 + κ)κ
4M3
)
|~q|2. (7)
To this order, all funtions Ai can be expressed in terms of known quantities, namely,
M , κ, GE , GM , r
2
E, α0, and β0. A systematic analysis of the structure-dependent terms
specific to VCS was first performed in [12]. The non-pole terms were expressed in terms of
three spin-independent and seven spin-dependent generalized polarizabilities which were
introduced in the framework of a multipole analysis, restricted to first order in |~q ′|, but
for arbitrary |~q|.
A calculation of the spin-independent polarizabilities in the framework of the linear σ
model [13] led to the surprising result that only two of the three polarizabilities were, in
fact, independent. That this is not a model-dependent statement could be shown in [14],
where the reduction from three to two polarizabilities was traced back to a combination of
invariance with respect to charge conjugation and nucleon crossing. A similar reduction
from seven to four terms occurs for the spin-dependent polarizabilities.
The generalizations of the spin-independent polarizabilities α(|~q|) and β(|~q|) have been
calculated in various frameworks [12,13,15,16] and are shown in Fig. 2. In particular, chiral
perturbation theory at O(p3) predicts [16]
α(|~q|) = α0
[
1−
7
50
|~q|2
m2pi
+O
(
|~q|4
m4pi
)]
, β(|~q|) = β0
[
1 +
1
5
|~q|2
m2pi
+O
(
|~q|4
m4pi
)]
, (8)
where α0 = 12.8× 10
−4 fm3 and β0 = 1.3× 10
−4 fm3 are the results for the real Compton
scattering polarizabilities at O(p3) [6] which compare remarkably well with the experi-
mental numbers α0 = (12.1± 0.8± 0.5)× 10
−4 fm3 and β0 = (2.1± 0.8± 0.5)× 10
−4 fm3
[7].
FIG. 2. Predictions of different models for α(Q2) and β(Q2): linear σ model (full line),
constituent quark model (dashed line), effective Lagrangian model (dotted line). The predictions
of ChPT are given by the short lines ending at Q2 = 0.05GeV2 (taken from [13]).
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